A generalization of the inequality of Audenaert et 

al. 



o 

(N \ Yoshiko Ogata* 

> 

O 1 November 8, 2010 

in _ 

Abstract 

i-C . We extend the inequality of Audenaert et al |ACMMABVj to general 

von Neumann algebras. 

1 Introduction 

Let A, B be positive matrices and < s < 1. Then an inequality 

2TrA s B 1 - s > Tr(A + B- \A-B\) (1) 

' holds. This is a key inequality to prove the upper bound of ChernofF bound, 

£f~) . in quantum hypothesis testing theory. This inequality was first proven in 

[A"CMMABV , using an integral representation of the function t s . Recently, 
N.Ozawa gave a much simpler proof for the same inequality. In this note, based 
on his proof, we extend the inequality to general von Neumann algebras. More 
precisely, we prove the following: Let {M,'H, J,V} be a standard form associ- 
ated with a von Neumann algebra A4, i.e., H is a Hilbert space where Ai acts 
on, J is the modular conjugation, and V is the natural positive cone. (See [T]) 
Let A4*+ be the set of all positive normal linear functionals over AL For each 
i/? £ A4»+, ^ is the unique element in the natural positive cone V which satis- 
fies f{x) = (x£u,,£ v ) for all x G AL We denote the relative modular operator 
associated with ip,ip £ A4* + by A v ^,.(See Appendix.) The main result in this 
note is the following: 

Proposition 1.1 Let ip,T] be positive normal linear functionals on a von Neu- 
mann algebra AL Then, for any < s < 1, 

r,(l) - (r, - cp) + (l) < |A|,^| 2 . (2) 

The equality holds iff rj — (r/ — tp) + + ip and ip = (rj — ip)^+ , ip for some ip S M.*+ 
whose support is orthogonal to the support of \rj — Lp\. 
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As a corollary of this proposition, we obtain a generalization of the inequality 
of jACMMABV] : 

Corollary 1.1 Let <p, r\ be positive normal linear Junctionals on a von Neumann 
algebra M. Then, for any < s < 1, 



>¥>(!) + »?(!)- k -»7|(1). 



(3) 



The equality holds iffrj = (r/ — ip) + +ip and <p — (r] — (p)-+ip for some ip £ M*+ 
whose support is orthogonal to the support of \rj — (p\. 

If s = ^, this is the Powers- St0rmer inequality. Applications of this inequality 
for hypothesis testing problem can be found in [JOPS . 



2 Proof of Proposition 11.11 

We first prove the following lemma which we need in the proof of Proposition 

o 

Lemma 2.1 Let ip±,ip2,ip,r) be faithful normal positive linear functionals over 
a von Neumann algebra Ai. Assume that tpi < ip 2 and r\ < tp. Then for all 
< s < 1, 
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Proof First we consider the case ip2 < 4>- In this case, by Lemma IA.11 (Dipi : 
Dip) t , {Dif2 ■ Dip) t , (Dn : Dip) t have continuations {Dipi : Dip) z , (Dip 2 : Difj) z , {D-q : 
Dip) z £ M, analytic on I_i := {z £ C : — \ < < 0} and bounded continu- 
ous on with norm less than or equal to 1. 
We define a positive operator 

T := (Dw : (D<p 3 : 2ty)_ if - (D Vl : D^O-if^i : £ M. 

(4) 

To see that T is positive, recall from Lemma [A . 1 1 that for any £ £ D(A^), we 
have A;|C 6 D(A^), and 

From this, we obtain 

(Tf.f) - 11(^2 : I>V)-i S f|| 2 - ||(^i : £>V0-i§£ 

(5) 

As is in D(A 2 2 ^), the last term is positive from Lemma [A~2] This proves 

T>0. 



A 2 , A , 2 £ 



A 2 A 2 £ 
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Next we define x' := J((Dr] : I>^)_ i i =£ )J e M '. From ||x'|| < 1 and < T E 
M, we have 



(6) 



As e -D ( A 



from Lemma lA. 11 we have 



x% = J(D V : EhPU^ = JA^ f Aj +f ^ = JA^ * ^ = A^JA^ = aJ^, € D(A„*). 

(7) 



By this and Lemma |A~T1 we have A.,£x'£^ £ D(A^ kV ) and 

(Dip k : Dip)_i±x'^ = AI^A^V^ = AJ^ 
for fc = 1, 2. Hence we obtain 

(x'*Tx'^,^) 

On the other hand, substituting £ = ^ e D(A^) to ([5]), we have 

s 2 s 

( T ^>Cv)= A^ 2i/) ^ - A^^ 
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A^ 2 J?^»7 




Ayj 7/£r/ 



(8) 



(9) 



(10) 



From ([5]), ©, (fTUj) . we obtain the result for the ^2 < i> case. 

To extend the result to a general case, we use Lemma TA. 31 For any e > 0, we 

have 



eipx < eip 2 < V> + £<^2, V < -0 + eip 2 - 
Therefore, for any < s < 1, we have 



(11) 
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Af(p 2 ,»J??7 




Asipi,r]£,ri 


< 



Using relations A| ¥ , 2 ^ = eaA^ 2fl etc, we have 
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Aip 2 ,r;£») 




A^ li?7 ^ 


< 



A 5 



^£¥ 3 l,V'+eV2^'/'+ e 'l 3 2 



1-s 
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In the second line we used Lemma lA.51 Taking e — > and applying Lemma lA.31 
and Lemma I A. 51 we obtain the result. □ 



Proof of Proposition \1.1 



3 



It is trivial for s = 0,1. We prove the claim for < s < 1. We first consider 
faithful ip, rj. From <p < ip + (rj — cp)+ and Lemma I A. 21 we have 



< 



(12) 



By Lemma |2. II and inequalities r/ < p + (rj — p) + , tp < (p + (rj — the last 
term is bounded as 



< 



A" 



2 



tp+(r)-<p) + ,tp+(ri-(p) + £'P+(ll-<p)+ 
— \\£(p+(ri-ip) + 

By <p + (77 — ip) + > rj and Lemma lA. 21 we have 

A^T £„ 2 = <pQ) + (»? - ¥>)+(!) - »7(1) 



2 £ 

?7,V3+(r)- ¥ ;) + ^<(=+('7-¥') + 
A f , , , £ 

1-s 

A 



i ip+())-¥>)+,r;^'? 



(USD < || £¥>+(»?-*>)+ II 

Hence we obtain 

tp(l) - ||A|,^|| 2 < ^(1) + (77 - p)+(l) - 77(1), 
which is equal to 



rj(l) - fa -?)+(!) < A|, y £, 



(13) 



(14) 



(15) 



(16) 



We now prove the inequality for general ip, 77. By considering a von Neumann 
algebra M e '■= eMe with e := sfa) V s((p) instead of M if it is necessary, we 
may assume ip + erf, 77 + Sip are faithful on M. for any s,5 > 0. We then have 



(77 + 5p) (1) -(r) + 8<p-(<p + e V )) + (1) < &* +Stp<tp+ev ^+er, 



(17) 



Taking the limit e — > and then the limit S — > 0, and using Lemma IA.3I and 
Lemma I A. 5 1 we obtain the inequality ([2]) for general cp, rj. 

To check the condition for the equality, by approximating tp and 77 by ip + erj, 77 + 
Sip in (j!2p . (Till)) , and ([L4")l , just as in (JT7J) , and taking the limit e — > and <5 — > 0, 
we obtain 





2 




2 




2 




2 






A^ i¥ ,£ v 


< 






A^^ip 





< 



A 



^+(77-V3) + ,y+(j7-¥') + ^* 3 +( f /-V)+ 

2 A" 



.2 t 



¥>(!) + (77 - V )+(l)-t?(l). 



— ||£y+0;-¥>)+ 1 



Aj7, 2 jj £r, 



(18) 
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By Lemma [A. 41 the first inequality is an equality iff the support of (77 — p) + 
is orthogonal to ip and the third inequality is an equality iff the support of 
(7/ — <p)~ is orthogonal to 77. Therefore, if the equality in (fT5)l holds, then 
(77 — tp) + is orthogonal to ip and (77 — ip)_ is orthogonal to 77. 

Conversely, if (77 — <p) + is orthogonal to ip and (77 — 97) is orthogonal to 77. Then 

we have ip + (77 — tp) + = 77 + (77 — </j)_, where both sides of the equality are sum 
of orthogonal elements. Therefore, we have 



A~ 



2 

2 



m 2 

^<p*(i)—tp)-£(.V-<p)- 

Furthermore, we have 



A, 2 



A 



( t) 2 - v ) + ,( J) - v )_^( I )-v)- 

(19) 



tp+(ri—tp) + ,<p£'P 



2 




2 









Hence, the second inequality is an equality in this case. As the first and third 
inequalities are equalities from the orthogonality of (77— with ip and (77— </?)_ 
with 77 respectively, the equality holds in (|18jl. 

Therefore, the equality in (fT5)l holds iff (77 — ip) + is orthogonal to ip and {rj~tp)_ 
is orthogonal to 77. However, the latter condition means 77 = (7/ — p) + + ip and 
ip = (77 — p)- +ip for some ip 6 M.*+ whose support is orthogonal to the support 
of 1 77 — ip\. □ 



Proof of Corollary \1.1\ 

Replacing 77, ip, s in @ with ip, 77, 1 — s respectively, we obtain 



p(l)-(VJ-»y) + (l) < 
Summing © and (HOI), we obtain ©. □ 



1— a 


to 











(20) 



A Appendix 

Let {M,H, J,V} be a standard form associated with a von Neumann algebra 
Ai, i.e., % is a Hilbert space where A4 acts on, J is the modular conjugation, 
and V is the natural positive cone. Let A4* + be the set of all positive normal 
linear functionals over M. For each <p £ £ v is the unique element in the 

natural positive cone V which satisfies <p(x) = (x^ v ,^ v ) for all x E M. For 
ip,ip G A4*+, we define an operator S v ^, as the closure of the operator 

(x^ + (l - j(s(V)))C) := sW^C,, ieM(e«, 

where s(^) £ .M is the support projection of ip and j(y) := JyJ . The polar 

1 

decomposition of is given by = ^A^ where is the relative modu- 
lar operator associated with tp,ip £ M*+. The subspace M£y + (1 — j(s(ip)))H 
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of H is a core of A 2 ^. The support projection of the positive operator A^ is 
s(ip)j(s(?p)). For a complex number z G C, we define a closed operator A*^, by 

A^ := (exp[z (log A v ^) s(ip)j(s(ip))]) s(ip)j(s(ip)). 

For an operator A on a Hilbert space H, we denote by D (A) its domain. 

Lemma A.l Let if, if) be faithful normal positive linear functionals over a von 
Neumann algebra M.. Suppose that there exists a constant A > such that Xip < 
ip. Then the cocyle R 3 t i— > (Dip : Dip) t G M. has an extension (Dip : Dip) z G 
M. analytic on I_i := {z G C : — | < 3z < 0} and bounded continuous on 

I_i with the bound \\(Dip : Dip) z \\ < A JZ for all z £ ^-i- Furthermore, for any 
faithful C G M.*+, < s < |, and any element £ in D(A^), A^J£ is in the 
domain of A; 



<pC> 



(21) 



Proof The existence and boundedness of (Dip : Dip) z is proven in [Alj . To 
show the latter part of the Lemma, let £ G M.*+ be faithful. We define the 
region 7_ s in the complex plane by /_ s :— {z G C : —s < 3z < 0} for each 
< s < i. For any £ G £>(A^) and £i G Z?(A* ( ,), we consider two functions on 

7T s by F(z) := (A-^,A-f^), and G(z) := ((Ity : £ty>U,&). Both of these 

functions are bounded continuous on i_ s and analytic on I- s . Furthermore, 
they are equal on R: 

F(t) = (a&a^, a) = ((^ : Jty)t£> 6) = G(*), Vt G R. 

G(z) for all z G I- s . In particular, we have F(—is) = 



This means F(z 
G(— is), i.e., 



(a^A*^) = ((Dv:X>^)-i.e.ei)- 



As this holds for all £i G £>(A;* f ), A^?£ is in the domain of A* c , and (dU) holds 



□ 



UK 



Lemma A. 2 Let ip,r\,i\) be normal positive linear functionals over a von Neu- 
mann algebra Ai such that ip < r\. Then for any < s < 1, we have D(A^ ,) C 

^(A*^) and 



i 2 ,£ < 
Proof This is proven in [AMj . □ 



(22) 



Lemma A. 3 £ei and 77 &e elements in A4* + and ip n a sequence in such 



that lim r 



\\ip n — ip\\ = 0. Then for any and < s < 1, 



lim 



Ai^„,r;Ci) 



A <Jj7j£t) 



G 



Proof By the integral representation of t s , we have 





2 







Sill S7T 



c2AA s_1 f(^A tPn;V (A lpn!V + A) 1 - A v , n (A v ,„ + A) x ) 



(23) 



We denote the term inside of the integral by / ra (A). It is easy to see 
|/n(A)| < A s -^(1), 



l/n(A)| < A 



s-2 



+ 



<A S - 2 U>(1) + sup tp n (l) 



Hence |/„(A)| is bounded from above by an integrable function independent of 
n. 

Next we show lim n _ J . tx) / n (A) = for all A > 0. To do so, we first observe 

i i 
that A£„ i?J converges to A^ in the strong resolvent sense: For all x£ v + (1 — 

j( s ( 7 ?)))C £ A4£ r) + (1 — j(s{rj)))H, using Powers- St0rmer inequality, we have 



A? n ,„ (a*, + (1 - j(.s(t ? )))C) - A 2 ,„ + (1 - j(s(r))))<) = Mv)x*^ Vn - afaKU 

<lk*l| 2 ||^„-^ir<IN*l| 2 ||^-^||^0, as n^co. 
i_ i 

As M(, v + (1 — jis^)))^. is a common core for all A} ntTI and A^, this means 

i i 
A£ n , v converges to A^ in the strong resolvent sense. Therefore, for a bounded 

i i 
continuous function g(t) = t 2 {t 2 + A) -1 , 5(A^ n ?) ) converges to <?(A^ ?) ) strongly. 

Hence we have lim^oo /„(A) = 0. 

By the Lebesgue's theorem, we obtain the result. □ 



Lemma A. 4 For any <p, rj € A4*+ with p < r\ and < s < 1, 



if and only if r) — (p is orthogonal to ip. 



(24) 



Proof First we prove if 



||, then r/ — ip is orthogonal to </?. From 



Lemma [A~2l for any ( e D(A W 2 ), A w 2 £ is in D(A} V ) and 



A 2 A 2 f 



< 



A 2 A 2 f 



<IICII 



Therefore, A^A,,^ 2 defined on _D(A W 2 ) can be uniquely extended to a bounded 
operator ^4 on "H, with norm ||^4|| < 1. We define an operator < T < 1 by 
T := A* A. Note that 



4A 2 F —A 2 A 2 A 2 £ —A 2 i(n\P —A 2 £ — f 
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From this, and the assumption, we have 



As the spectrum of T is included in [0, 1], this equality means 
For any ( e D(A? lip ), we have 



(25) 



(26) 



from ([55]). Therefore, £ v £ D(A s riv ) and A s w ^ v = (j v . Hence we obtain A^ v ^ v 



From this, we have 



We then obtain 



= J^nvZ? = tv>- 
( V -<p)(s(ip))=0, 



i.e., the support of rj — ip is orthogonal to the support of ip. 
Conversely, if the support of rj — ip is orthogonal to ip, then we have 





to 




2 




A^tp^ip 




A^ f 


+ 


Apyj^tp 



= 114. 



(27) 



□ 



Lemma A. 5 For all normal positive linear Junctionals tpi, ip2 over a von Neu- 
mann algebra M., and < s < 1, 



A 



A 



(28) 



^/Functions F(z) := (aJ^^ A^^) and G(z) := (aJ^A^^ 

are bounded continuous on < 3?z < 1 and analytic on < 3tz < 1. It is easy to 
check = G(it) for £ e R. Hence we obtain F(z) = G{z) on < 5Rz < l.D 
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